Abstract. We study topological structures of the sets (0, 1/2) 3 ∩ Ω and (0, 1/2) 3 \ Ω, where Ω is one special algebraic surface defined by a symmetric polynomial in variables a1, a2, a3 of degree 12. These problems arise in studying of general properties of degenerate singular points of dynamical systems obtained from the normalized Ricci flow on generalized Wallach spaces. Our main goal is to prove the connectedness of (0, 1/2) 3 ∩Ω and to determine the number of connected components of (0, 1/2) 3 \ Ω.
Introduction and the main result
It is known that determining the connectedness (or the number of connected components) of real algebraic surfaces is a very hard classical problem in algebraic geometry (see e. g. [4] , [13] ). In this paper we deal with similar problems relating to the normalized Ricci flow on generalized Wallach spaces. The importance of these problems is due to the need to develop a special apparatus for studying general properties of degenerate singular points of Ricci flows initiated in [1] - [3] . More concretely, in the above papers, the authors considered some problems concerning the topological structure of the sets (0, 1/2) 3 ∩ Ω and (0, 1/2) 3 \Ω, where Ω = {(a 1 , a 2 , a 3 ) ∈ R 3 | Q(a 1 , a 2 , a 3 ) = 0}
is an algebraic surface (see Fig. 1 and 2) in R 3 defined by a symmetric polynomial Q(a 1 , a 2 , a 3 ) in a 1 , a 2 , a 3 of degree 12:
Q(a 1 , a 2 , a 3 ) = (2s 1 + 4s 3 − 1)(64s +64(2s 1 − 1)(2s 1 − 32s 3 − 1)s
The surface Ω naturally arises in studying of general properties of degenerate singular points of the following dynamical system (see [1] - [3] ): 
It should be noted that the system (2) can be obtained from the normalized Ricci flow equation
where g(t) means a 1-parameter family of Riemannian metrics, Ric g is the Ricci tensor and S g is the scalar curvature of the Riemannian metric g, considered on one special class of compact homogeneous spaces called three-locally-symmetric or generalized Wallach spaces, see [9] , [12] . In the recent papers [7] and [11] , the complete classification of these spaces was obtained.
A more detailed information concerning geometric aspects of this problem and the Ricci flows could be found in [9] , [10] , [8] and [14] .
In [1] , the authors noted that the set (0, 1/2) 3 ∩ Ω is connected, and the set (0, 1/2) 3 \ Ω consists of three connected components O 1 , O 2 and O 3 (see Fig. 1 ) containing the points (1/6, 1/6, 1/6), (7/15, 7/15, 7/15) and (1/6, 1/4, 1/3) respectively.
The present work is devoted to detailed proof of this observation. The main result is the following (1) The set (0, 1/2) 3 ∩ Ω is connected; (2) The set (0, 1/2) 3 \ Ω consists of three connected components.
We note also the following [2] : One should consider a segment I with one endpoint at (0, 0, 0) and with the second endpoint at an arbitrary point of any facet of the cube (0, 1/2) 3 containing (1/2, 1/2, 1/2). According to Remark 1, we can assume without loss of generality that I is defined by the following parametric equations
Remark 2. Proof of Theorem 1 is based on the idea of Remark 8 in
where t ∈ [0, 1], a, b ∈ (0, 1/2). Substituting (3) into (1) we obtain some polynomial p(t) := Q(at, bt, t/2) in t of degree 12. Thus the problems under consideration could be reduced to the problem of determining the possible number of roots of
Proof of the main result
Using Maple we have the following explicit expression for p(t): Consider the following set
the polynomial p(t) equals to zero if and only if a = b.
Proof. Easy calculations show that D is non-negative, moreover, D has the same zeroes as the following polynomial:
where
Denote by γ the curve determined by F (a, b) = 0 (see Fig. 3 ). We will prove that γ has no common point with the square K.
Changing the variables by the formula Figure 3 . The curve γ we get a new equation for γ, from that we can express y explicitely:
Note that the point (x ′ , y ′ ) = √ 2/2, 0 belongs to γ, moreover, this is an unique singular point of γ. Since F xx F yy − F 2 xy = 3888 > 0 at (x ′ , y ′ ), then (x ′ , y ′ ) is isolated according to the well-known result in differential geometry of planar curves. It is clear that the point (a, b) = (1/2, 1/2) / ∈ K corresponds to (x ′ , y ′ ) in the initial variables.
It is obvious that every regular point of γ satisfies the condition x < x 0 := √ 2/8. Hence only we need is to show that γ can not intersect the part of K, described by the conditions x ∈ (0, x 0 ), −x < y < x. In fact, it suffices to prove the inequality x < ϕ(x), where
is a function determining a part of the curve γ in (6) . Note that lim
It is easy to show that the inequality x < ϕ(x) is equivalent to the inequality
which holds for all x ∈ (0, x 0 ), since ψ(x) is positive at x = x 0 and decreases:
Therefore, F (a, b) = 0 for (a, b) ∈ K. Hence there is a unique possibility a = b in order to D = 0 in K by (5).
Lemma 2. Let (a, b) ∈ K. Then a point of local extremum of p(t) can not be a multiple root of p(t).
Proof. Multiple roots of p(t) are possible only for a = b by Lemma 1. Therefore, we may assume that b = a. Then (4) takes the following form
Denote by D 2 and D 3 the discriminants of p 2 (t) and p 3 (t) respectively:
Since D 2 < 0, D 3 > 0 for a ∈ (0, 1/2), then it is clear that the polynomial p(t) has exactly three distinct real roots (each of multiplicity 3) for every such a. It follows from this fact that there is no points of local extrema of p(t) among the roots of p(t).
Further we need the curve Γ (see Fig. 4 ), which can be obtained as a result of the intersection Ω with the plane a 3 = 1/2 for 0 < a 1 , a 2 ≤ 1/2. Recall some properties of Γ (see details in [2] ): Γ determined by the equality G(a 1 , a 2 ) = 0, where 
Lemma 3. In the segment
Proof. Let t * ∈ [0, 1] be a root of p(t) given by (4) . We say that t * is a robust root of p(t) in [0, 1], if small perturbations of the parameters a and b imply a small perturbation of t * keeping it in (t * − ε, t * + ε) ⊂ [0, 1] for some small ε > 0 (see e. g. [6] for more details on singularities of curves and some related problems). Now, assume that t * is a non-robust root of p(t). Then there exist exactly two possibility (recall that t * ∈ [0, 1]): Case 1. t * = 0 or t * = 1; Case 2. t * belongs to the interval (0, 1) and provides p(t) a local extremum. Now, we consider these cases separately. Case 2. Assume that t * is a point of local extremum of p(t). Then t * is a multiple root of p(t). This contradicts to Lemma 2, hence, the case 2 is impossible. Case 1. Since p(0) = −1 then there exists no pair (a, b) such that t = 0 is a root of p(t).
Suppose that t = 1 is a root of p(t).
Since
where G is given by (7) , then the equality p(1) = 0 is possible if and only if G(a, b) = 0.
Recall that the curve Γ is determined by G(a, b) = 0. Since p(t) has only robust roots for every pair (a, b) ∈ K 1 ∪ K 2 by our construction, then the number of roots of p(t) in [0, 1] is constant both in K 1 and in K 2 . Hence, it is sufficient to calculate the number of such roots only for the representative points (a ′ , b ′ ) ∈ K 1 and (a ′′ , b ′′ ) ∈ K 2 .
(1) Suppose that (a, b) = (a ′ , b ′ ) ∈ K 1 . Then (4) takes the following form
Taking into account Lemma 2, we conclude that p(t) has three distinct real roots of multiplicity 3 besides the root t = −1. Since we does not need exact values of these roots then their approximated values are: (1) Connectedness of the set (0, 1/2) 3 ∩ Ω. Let t 1 , t 2 be roots of p(t) such that 0 < t 1 < t 2 ≤ 1. Then, obviously, t 1 and t 2 correspond to the "lower" and "upper" (see Fig. 2 ) parts of the surface Ω ∩ (0, 1/2) 3 respectively. These parts of Ω have a unique common point (a 1 , a 2 , a 3 ) = (1/4, 1/4, 1/4) (an elliptic umbilic of Ω according to [1] ).
(2) The number of the connected components of the set (0, 1/2) 3 \ Ω. Since the maximal number of roots of p(t) in [0, 1] is equal to 2 and Ω ∩ (0, 1/2) 3 is the union of two surfaces with one common point, then the number of connected components of (0, 1/2) 3 \ Ω equals to 3. Theorem 1 is proved.
In order to prove Corollary 1 we need the following Since the cubic polynomial p 3 (t) achieves a positive local maximum at the point t = − (6a+3)(a+1) 6a+3
< 0, then its unique real root must be a negative number. Therefore, required roots of p(t) can be provided only by p 2 (t), moreover, first of them belongs to [0, 1] for all a ∈ (0, 1/2); the second of them -only for a ∈ √ 2/4, 1/2 . Remark 3. When this paper has been written the author was informed about the recent preprint [5] , where a more detailed description of the surface Ω was obtained without the restriction (a 1 , a 2 , a 3 ) ∈ (0, 1/2) 3 .
The author is indebted to Prof. Yu. G. Nikonorov and to Prof. A. Arvanitoyeorgos for helpful discussions concerning this paper.
